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Abstract. Let pi be a group. The aim of this paper is to construct
the category of Yetter-Drinfeld modules over the quasi-Turaev group
coalgebra H = ({Hα}α∈pi,∆, ε, S,Φ), and prove that this category is
isomorphic to the center of the representation category of H. Therefore
a new Turaev braided group category is constructed.
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Introduction
Given a group pi, Turaev in [6] introduced the notion of a braided pi-monoidal category
which is called Turaev braided group category in this paper, and showed that such a
category gives rise to a 3-dimensional homotopy quantum field theory. Meanwhile such
a category plays a key role in the construction of Hennings-type invariants of flat group-
bundles over complements of link in the 3-sphere, see [8].
For the above reasons, it becomes very important to construct Turaev braided group
category. Based on the work of [4], more results have been obtained in [2] and [9], where
the method used in [4] was applied to weak Hopf algebras and regular multiplier Hopf
algebras. It is well-known that there is anther approach to the construction, for instance,
in [1] the authors introduced the notion of quasi-Hopf group coalgebras and proved that
the representation category of quasitriangular quasi-Hopf group coalgebras is exactly a
Turaev braided group category.
∗Corresponding author: Daowei Lu, ludaowei620@126.com, Department of Mathematics, Southeast
University, Nanjing, Jiangsu 210096, P. R. of China.
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M. Zunino in [11] constructed the Yetter-Drinfeld category of crossed Hopf group
coalgebra and showed that it is a Turaev braided group category. Motivated by this
construction, in this paper, we will generalize this result to quasi-Turaev Hopf group
coalgebra defined in [1]. The notion of Yetter-Drinfeld category of quasi-Turaev Hopf
group coalgebra will be given, and the isomorphism between Yetter-Drinfeld category and
the category of the center of representation category of quasi-Turaev Hopf group coalgebra
will be established. Moreover, both of the categories are Turaev braided group categories.
This paper is organized as follows: In section 1, we will recall the notions of crossed T -
category and its center and quasi-Turaev group coalgebra. In section 2, we will construct
the Yetter-Drinfeld module over the quasi-Turaev group coalgebra and prove that the
Yetter-Drinfeld category is isomorphic to the center of the representation category.
Throughout this article, let k be a fixed field. All the algebras and linear spaces are
over k; unadorned ⊗ means ⊗k.
1 Preliminary
In this section, we will recall the definitions and notations relevant to Turaev
braided group categories.
1.1 Crossed T -category
A tensor category C = (C,⊗, a, l, r) is a category C endowed with a functor ⊗ : C×C →
C (the tensor product), an object I ∈ C(the tensor unit), and natural isomorphisms
a = aU,V,W : (U⊗V )⊗W → U⊗(V ⊗W ) for all U, V,W ∈ C(the associativity constraint),
l = lU : I ⊗ U → U(the left unit constraint) and r = rU : U ⊗ I → U(the right unit
constraint) for all U ∈ C such that for all U, V,W,X ∈ C, the associativity pentagon
aU,V,W⊗X ◦ aU⊗V,W,X = (U ⊗ aV,W,X) ◦ aU,V⊗W,X ◦ (aU,V,W ⊗X),
and the triangle
(U ⊗ lV ) ◦ (rU ⊗ V ) = aU,I,V ,
are satisfied. A tensor category C is strict when all the constraints are identities.
Let pi be a group with the unit 1. Recall from [1] that a crossed category C (over pi) is
given by the following data:
• C is a tensor category.
• A family of subcategory {Cα}α∈pi such that C is a disjonit union of this family and
that U ⊗ V ∈ Cαβ for any α, β ∈ pi, U ∈ Cα and V ∈ Cβ.
• A group homomorphism ϕ : pi → aut(C), β 7→ ϕβ, the conjugation, where aut(C) is
the group of the invertible strict tensor functors from C to itself, such that ϕβ(Cα) = Cβαβ−1
for any α, β ∈ pi.
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We will use the left index notation in Turaev: Given β ∈ pi and an object V ∈ Cα,
the functor ϕβ will be denoted by
β(·) or V (·) and β
−1
(·) will be denoted by V (·). Since
V (·) is a functor, for any object U ∈ C and any composition of morphism g ◦ f in C, we
obtain V idU = idV U and
V (g ◦ f) = V g ◦ V f . Since the conjugation ϕ : pi → aut(C) is a
group homomorphism, for any V,W ∈ C, we have V⊗W (·) = V (W (·)) and 1(·) = V (V (·)) =
V (V (·)) = idC . Since for any V ∈ C, the functor
V (·) is strict, we have V (f⊗g) = V f⊗ V g
for any morphism f and g in C, and V (1) = 1.
A Turaev braided pi-category is a crossed T -category C endowed with a braiding, i.e.,
a family of isomorphisms
c = {cU,V : U ⊗ V →
V U ⊗ V }U,V ∈C
obeying the following conditions:
• For any morphism f ∈ HomCα(U,U
′) and g ∈ HomCβ (V, V
′), we have
(αg ⊗ f) ◦ cU,V = cU ′,V ′ ◦ (f ⊗ g),
• For all U, V,W ∈ C, we have
cU,V⊗W = a
−1
UV,UW,U
◦ (UV ⊗ cU,W ) ◦ aUV,U,W ◦ (cU,V ⊗W ) ◦ a
−1
U,V,W , (1.1)
cU⊗V,W = aU⊗VW,U,V ◦ (cU,VW ⊗ V ) ◦ a
−1
U,VW,V
◦ (U ⊗ c′V,W ) ◦ aU,V,W . (1.2)
• For any U, V ∈ C and α ∈ pi, ϕα(cU,V ) = cαU,αV .
1.2 The center of a crossed T -category
Let C be a crossed T -category. The center of C is the braided crossed T -category Z(C)
defined as follows:
1. The objects of Z(C) are the pairs (U, cU,−) satisfying the following conditions:
• U is an object of C.
• cU,− is a natural isomorphism from the functor U ⊗ − to the functor
U (−) ⊗ U
such that for any objects V,W ∈ C, the identity (1.1) is satisfied.
2. The morphism in Z(C) from (U, cU,−) to (V, c
′
V,−) is a morphism f : U → V such
that for any object X ∈ C,
(UX ⊗ f) ◦ cU,X = c
′
V,X ◦ (f ⊗X). (1.3)
The composition of two morphisms in Z(C) is given by the composition in C.
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3. Given Z1 = (U, cU,−) and Z2 = (V, c
′
V,−) in Z(C), the tensor product Z1⊗Z2 in Z(C)
is the couple (U ⊗ V, (c ⊗ c′)U⊗V,−), where for any object W ∈ C, (c ⊗ c
′)U⊗V,− is
obtained by
(c⊗ c′)U⊗V,W = aU⊗VW,U,V ◦ (cU,VW ⊗ V ) ◦ a
−1
U,VW,V
◦ (U ⊗ c′V,W ) ◦ aU,V,W . (1.4)
4. The unit of Z(C) is the couple (I, id−), where I is the unit of C.
5. For any α ∈ pi, the αth component of Z(C), denoted Zα(C), is the full subcategory
of Z(C) whose objects are the pairs (U, cU,−), where U ∈ Cα.
6. For any β ∈ pi, the automorphism ϕZ.β is given by, for any (U, cU,−) ∈ Z(C),
ϕZ.β(U, cU,−) = (ϕβ(U), ϕZ.β(cU,−)), (1.5)
where ϕZ.β(cU,−)ϕβ(U),X = ϕβ(cU,ϕ−1
β
(X)) for any X ∈ C.
7. The braiding c in Z(C) is obtained by setting cZ1,Z2 = cU,V for any Z1 = (U, cU,−), Z2 =
(V, c′V,−) ∈ Z(C).
1.3 Quasi-Turaev group coalgebras
Recall from [1], a family of algebras H = {Hα}α∈pi is a quasi-semi-T-coalgebra if there
exist a family of morphisms of algebra ∆ = {∆α,β : Hαβ → Hα ⊗Hβ}α,β∈pi, a morphism
of algebra ε : H1 → k and a family of invertible elements {Φα,β,γ ∈ Hα⊗Hβ ⊗Hγ}α,β,γ∈pi
such that
(Hα ⊗∆β,γ)∆α,βγ(h)Φα,β,γ = Φα,β,γ(∆α,β ⊗Hγ)∆αβ,γ(h), (1.6)
(Hα ⊗ ε)(∆α,1(a)) = a, (ε⊗Hα)(∆1,α(a)) = a, (1.7)
(1α ⊗ Φβ,γ,λ)(Hα ⊗∆β,γ ⊗Hλ)(Φα,βγ,λ)(Φα,β,γ ⊗ 1λ)
= (Hα ⊗Hβ ⊗∆γ,λ)(Φα,β,γλ)(∆α,β ⊗Hγ ⊗Hλ)(Φαβ,γ,λ), (1.8)
(Hα ⊗ ε⊗Hβ)(1α ⊗ 11 ⊗ 1β) = 1α ⊗ 1β (1.9)
for all h ∈ Hαβγ and a ∈ Hα. ∆ is called comultiplication, and ε the counit.
In our computations, we will use the Sweedler-Heyneman notation ∆α,β(b) = b(1,α) ⊗
b(2,β) for all b ∈ Hαβ (summation implicitely understood). Since ∆ is only quasi-coassociative,
we adopt further convention
(idα ⊗∆β,γ)∆α,βγ(h) = h(1,α) ⊗ h(2,βγ)(1,β) ⊗ h(2,βγ)(2,γ),
(∆α,β ⊗ idγ)∆αβ,γ(h) = h(1,αβ)(1,α) ⊗ h(1,αβ)(2,β) ⊗ h(2,γ),
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for all h ∈ Hαβγ . We will denote the components of Φ by capital letters, and the ones of
Φ−1 by small letters, namely,
Φα,β,γ = Y
1
α ⊗ Y
2
β ⊗ Y
3
γ = T
1
α ⊗ T
2
β ⊗ T
3
γ = · · ·
Φ−1α,β,γ = y
1
α ⊗ y
2
β ⊗ y
3
γ = t
1
α ⊗ t
2
β ⊗ t
3
γ = · · ·
A quasi-Hopf group coalgebra is a quasi-semi-T-coalgebra H = ({Hα}α∈pi,∆, ε) en-
dowed with a family of invertible anti-automorphisms of algebra S = {Sα : Hα →
Hα−1}α∈pi (the antipode) and elements {pα, qα ∈ Hα}α∈pi such that the following con-
ditions hold:
Sα(h(1,α))pα−1h(2,α−1) = ε(h)pα−1 , h(1,α)qαSα−1(h(2,α−1)) = ε(h)qα, (1.10)
Y 1α qαSα−1(Y
2
α−1)pαY
3
α = 1α, Sα−1(y
1
α−1)pαy
2
αqαSα−1(y
3
α−1) = 1α. (1.11)
A quasi-Turaev pi-coalgebra is a quasi-Hopf pi-coalgebra H = ({Hα}α∈pi,∆, ε,Φ) with
a family of k-linear maps ϕ = {ϕβ : Hα → Hβαβ−1}α,β∈pi(the crossing) such that the
following conditions hold:
• For any β ∈ pi, ϕβ is an algebra isomorphism.
• ϕβ preserves the comultiplication and the counit, i.e., for any α, β, γ ∈ pi,
(ϕβ ⊗ ϕβ)∆α,γ = ∆βαβ−1,βγβ−1 ◦ ϕβ ,
ε ◦ ϕβ = ε.
• ϕ is multiplicative in the sense that ϕβϕβ′ = ϕββ′ for all β, β
′ ∈ pi.
• The family Φ is invariant under the crossing, i.e., for any Φα,β,γ ,
(ϕη ⊗ ϕθ ⊗ ϕϑ)Φα,β,γ = Φηαη−1,θβθ−1,ϑγϑ−1 .
2 Main results
In this section, we will give the main result of this paper. First of all, we need some
preparations. For any Hopf group coalgebra H = ({Hα},∆, ε, S), we obviously have the
following identity
h(1,α) ⊗ h(2,β)Sβ−1(h(3,β−1)) = h⊗ 1β ,
for all α, β ∈ pi and h ∈ Hα. We will need the generalization of this formula to the
quasi-Hopf group coalgebra setting. The following lemma will be given without proof.
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Lemma 2.1. Let H = ({Hα},∆, ε, S) be a quasi-Hopf group coalgebra. Set
IRα,β = I
1
α ⊗ I
2
β = y
1
α ⊗ y
2
βqβSβ−1(y
3
β−1), (2.1)
JRα,β = J
1
α ⊗ J
2
β = Y
1
α ⊗ S
−1
β (pβ−1Y
3
β−1)Y
2
β , (2.2)
ILα,β = I˜
1
α ⊗ I˜
2
β = Y
2
αS
−1
α (Y
1
α−1qα−1)⊗ Y
3
β , (2.3)
JLα,β = J˜
1
α ⊗ J˜
2
β = Sα−1(y
1
α−1)pαy
2
α ⊗ y
3
β. (2.4)
Then for all h ∈ Hα and a ∈ Hβ, we have
∆α,β(h(1,αβ))I
R
α,β[1⊗ Sβ−1(h(2,β−1))] = I
R
α,β[h⊗ 1], (2.5)
[1⊗ S−1β (h(2,β−1))]J
R
α,β∆α,β(h(1,αβ)) = [h⊗ 1]J
R
α,β , (2.6)
∆α,β(a(2,αβ))I
L
α,β [S
−1
α (a(1,α−1))⊗ 1] = I
L
α,β[1⊗ a], (2.7)
[Sα−1(a(1,α−1))⊗ 1]J
L
α,β∆α,β(a(2,αβ)) = J
L
α,β[1⊗ a]. (2.8)
And the following relations hold:
∆α,β(J
1
αβ)I
R
α,β [1α ⊗ Sβ−1(J
2
β−1)] = 1α ⊗ 1β , (2.9)
[1α ⊗ S
−1
β (I
2
β−1)]J
R
α,β∆α,β(I
1
αβ) = 1α ⊗ 1β , (2.10)
∆α,β(J˜
2
αβ)I
L
α,β [S
−1
α (J˜
1
α−1)⊗ 1β] = 1α ⊗ 1β, (2.11)
[Sα−1(I˜
1
α−1)⊗ 1β ]J
L
α,β∆α,β(I˜
2
αβ) = 1α ⊗ 1β. (2.12)
In [11], M. Zunino defined the Yetter-Drinfeld module over the crossed group coalgebra,
and S. Majid in [3] ingeniously constructed the Yetter-Drinfeld module over quasi-Hopf
algebra. With these help, we have the following definition.
Definition 2.2. Fix an element α ∈ pi. An α-Yetter-Drinfeld module or YDα-module is
a couple V = {V, ρV = {ρV,λ}λ∈pi}, where ρV,λ : V → V ⊗ Hλ, v 7→ v(0,0) ⊗ v(1,λ) is a
k-linear morphism such that the following conditions are satisfied:
1. V is a left Hα-module,
2. V is counitary in the sense that
(id⊗ ε) ◦ ρV,1 = id. (2.13)
3. For all v ∈ V ,
(y2α · v(0,0))(0,0) ⊗ (y
2
α · v(0,0))(1,λ1)y
1
λ1
⊗ y3λ2v(1,λ2) (2.14)
= Φ−1α,λ1,λ2 · [(y
3
α · v)(0,0) ⊗ (y
3
α · v)(1,λ1λ2)(1,λ1)y
1
λ1
⊗ (y3α · v)(1,λ1λ2)(2,λ2)y
2
λ2
].
4. For all h ∈ Hαβ and v ∈ V ,
h(1,α) · v(0,0) ⊗ h(2,β)v(1,β) = (h(2,α) · v)(0,0) ⊗ (h(2,α) · v)(1,β)ϕα−1(h(1,αβα−1)). (2.15)
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Remark 2.3. Note that in the above definition, when the quasi-Hopf group coalgebra is
trivial, i.e., ϕα,β,λ = 1α ⊗ 1β ⊗ 1λ for any α, β, λ ∈ pi, then we have a YDα-module over
Hopf group coalgebra introduced in [11].
Given two YDα-modules (U, ρU ) and (V, ρV ), a linear map f : U → V is said to be a
morphism of YDα-module if f is Hα-linear and for any λ ∈ pi,
ρV,λ ◦ f = (f ⊗Hλ) ◦ ρU,λ.
Let YD(H) be the disjoint union of the categories YDα(H) for all α ∈ pi. The category
YD(H) admits the structure of a braided T -category as follows:
• The tensor product of a YDα-module (V, ρV ) and a YDβ-module (W,ρW ) is a YDαβ-
module (V ⊗W,ρV ⊗W ), where for any v ∈ V,w ∈W and λ ∈ pi,
ρV⊗W (v ⊗ w) = t
1
αY
1
α · (y
2
α · v)(0,0) ⊗ t
2
β · (Y
3
β y
3
β · w)(0,0)
⊗t3λ(Y
3
β y
3
β · w)(1,λ)Y
2
λ ϕβ−1((y
2
α · v)(1,βλβ−1))y
1
λ. (2.16)
The unit of YD(H) is the pair (k, ρk), where for any λ ∈ pi, ρλ(1) = 1 ⊗ 1λ. Then the
tensor product of arrows is given by the tensor product of k-linear maps.
• For any β ∈ pi, the conjugation functor β(·) is given as follows. Let (V, ρV ) be a
YDα-module and we set
β(V, ρV ) = (
βV, ρβV ), where for any λ ∈ pi and v ∈ V ,
ρβV (v) =
β((β
−1
v)(0,0))⊗ ϕβ((
β−1v)(1,β−1λβ)). (2.17)
For any morphism f : (V, ρV )→ (W,ρW ) of YD-module and any v ∈ V , we set (
βf)(βv) =
β(f(v)).
• For any YDα-module (V, ρV ) and any YDβ-module (W,ρW ), the braiding c is given
by
cV,W (v⊗w) =
α[J1(1,β)y
1
βSβ−1(J
2
β−1y
3
β−1(I˜
2
α ·v)(1,β−1)I˜
1
β−1)·w]⊗J
1
(2,α)y
2
α ·(I˜
2
α ·v)(0,0). (2.18)
Lemma 2.4. For a fixed element α ∈ pi, let (V, cV,−) be any object in Zα(Rep(H)). For
any λ ∈ pi, define the linear map ρV,λ : V → V ⊗Hλ by
ρV,λ(v) = c
−1
V,Hλ
(α1λ ⊗ v). (2.19)
Then the pair V = (V, ρV = {ρV,λ}λ∈pi) is a YDα-module. Hence we have a functor
F1 : Z(Rep(H)) → YD(H) given by F1(V, cV,−) = (V, ρV ) and F1(f) = f , where f is a
morphism in Z(Rep(H)).
Proof. We just need to verify that (V, ρV ) satisfies the axioms of YDα-modules.
First of all, for any λ1, λ2 ∈ pi, consider Hλ1 and Hλ2 as the modules over themselves.
By (1.1), we have
a−1V,Hλ1 ,Hλ2
◦ c−1V,Hλ1⊗Hλ2
◦ a−1V Hλ1 ,
VHλ2 ,V
= (c−1V,Hλ1
⊗Hλ2) ◦ a
−1
V Hλ1 ,V,Hλ2
◦ (VHλ1 ⊗ c
−1
V,Hλ2
).
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For all v ∈ V , both of the sides evaluating at α1λ1 ⊗
α1λ2 ⊗ v, we have
(y2α · v(0,0))(0,0) ⊗ (y
2
α · v(0,0))(1,λ1)y
1
λ1
⊗ y3λ2v(1,λ2)
= yα,λ1,λ2 · [(y
3
α · v)(0,0) ⊗ (y
3
α · v)(1,λ1λ2)(1,λ1)y
1
λ1
⊗ (y3α · v)(1,λ1λ2)(2,λ2)y
2
λ2
].
The counitarity of V is obvious.
Secondly for all v ∈ V and h ∈ Hαλ, we have on one hand,
h · c−1V,Hλ(
α1λ ⊗ v) = h · (v(0,0) ⊗ v(1,λ)) = h(1,α) · v(0,0) ⊗ h(2,λ)v(1,λ),
and on the other hand,
c−1V,Hλ(h · (
α1λ ⊗ v)) = c
−1
V,Hλ
(h(1,αλα−1) ·
α1λ ⊗ h(2,α) · v))
= c−1V,Hλ(
α(ϕα−1(h(1,αλα−1)))⊗ h(2,α) · v))
= (h(2,α) · v)(0,0) ⊗ (h(2,α) · v)(1,λ)ϕα−1(h(1,αλα−1)).
Since the braiding cV,Hλ is H-linear, we obtain
h(1,α) · v(0,0) ⊗ h(2,λ)v(1,λ) = (h(2,α) · v)(0,0) ⊗ (h(2,α) · v)(1,λ)ϕα−1(h(1,αλα−1)).
Finally, let f : (V, cV,−) → (W, cW,−) is a morphism in Zα(Rep(H)), then as the case of
Hopf group coalgebra, f gives rise to a morphism of YDα-module. It is easy to see that
F1 is a functor. This completes the proof.
Assume that (V, ρV ) is an object in the category YDα(H). For any λ ∈ pi and left
Hλ-module X, give the linear map cV,X : V ⊗X →
αX ⊗ V by
cV,X(v ⊗ x) =
α[J1(1,λ)y
1
λSλ−1(J
2
λ−1y
3
λ−1(I˜
2
α · v)(1,λ−1)I˜
1
λ−1) · x]⊗ J
1
(2,α)y
2
α · (I˜
2
α · v)(0,0),
for all v ∈ V and x ∈ X.
Lemma 2.5. The couple (V, cV,−) is an object in Z(Rep(H)). Hence we have a functor
F2 :YD(H) → Z(Rep(H)) given by F2(V, ρV ) = (V, cV,−) and F2(f) = f , where f is a
morphism in YD(H). The functors F1 and F2 are inverses.
Proof. Firstly for any λ ∈ pi and left Hλ-module X, we set a morphism cˆV,X :
αX ⊗ V →
V ⊗X by
cˆV,X(
αx⊗ v) = v(0,0) ⊗ v(1,λ) · x.
8
Then
cˆV,X ◦ cV,X(v ⊗ x)
= cˆV,X(
α[J1(1,λ)y
1
λSλ−1(J
2
λ−1y
3
λ−1(I˜
2
α · v)(1,λ−1)I˜
1
λ−1) · x]⊗ J
1
(2,α)y
2
α · (I˜
2
α · v)(0,0))
= [J1(2,α)y
2
α · (I˜
2
α · v)(0,0))](0,0)⊗
[J1(2,α)y
2
α · (I˜
2
α · v)(0,0))](1,λ)ϕα−1(J
1
(1,αλα−1))ϕα−1(y
1
αλα−1) · [Sλ−1(J
2
λ−1y
3
λ−1(I˜
2
α · v)(1,λ−1)I˜
1
λ−1) · x]
(2.14)
= J1(1,α) · (y
2
α · (I˜
2
α · v)(0,0))(0,0)⊗
J1(2,λ)(y
2
α · (I˜
2
α · v)(0,0))(1,λ)y
1
λSλ−1(J
2
λ−1y
3
λ−1(I˜
2
α · v)(1,λ−1)I˜
1
λ−1) · x
= J1(1,α)t
1
α · (y
3
αI˜
2
α · v)(0,0)⊗
J1(2,λ)t
2
λ(y
3
αI˜
2
α · v)(1,1)(1,λ)y
1
λSλ−1(J
2
λ−1t
−3
λ−1
(y3αI˜
2
α · v)(1,1)(2,λ−1)y
2
λ−1)I˜
1
λ−1) · x
= J1(1,α)t
1
α · (y
3
αI˜
2
α · v)(0,0)⊗
J1(2,λ)t
2
λ(y
3
αI˜
2
α · v)(1,1)(1,λ)y
1
λSλ−1(y
2
λ−1 I˜
1
λ−1)Sλ−1(J
2
λ−1t
−3
λ−1
(y3αI˜
2
α · v)(1,1)(2,λ−1)) · x
= J1(1,α)t
1
α · v(0,0) ⊗ J
1
(2,λ)t
2
λv(1,1)(1,λ)qλSλ−1(v(1,1)(2,λ−1))Sλ−1(J
2
λ−1t
−3
λ−1
) · x
= J1(1,α)t
1
α · v ⊗ J
1
(2,λ)t
2
λqλSλ−1(J
2
λ−1t
−3
λ−1
) · x
= v ⊗ x.
Hence cˆV,X ◦ cV,X = idV⊗X . Similarly cˆV,X ◦ cV,X = idαX⊗V . Therefore cˆV,X and cV,X are
inverses.
Secondly for any h ∈ Hαλ,
h · c−1V,X(
αx⊗ v) = h(1,α) · v(0,0) ⊗ h(2,λ)v(1,λ) · x
(2.15)
= (h(2,α) · v)(0,0) ⊗ (h(2,α) · v)(1,β)ϕα−1(h(1,αλα−1)) · x
= c−1V,X(
α(ϕα−1(h(1,αλα−1)) · x)⊗ h(2,α) · v)
= c−1V,X(h(1,αλα−1) ·
αx⊗ h(2,α) · v)
= c−1V,X(h · (
αx⊗ v)).
That is, c−1V,X is Hαλ-linear, so is cV,X . The naturality of cV,X is straightforward to verify.
Next suppose that X1 is an Hλ1-module and X2 an Hλ2-module for all λ1, λ2 ∈ pi, and
for any x1 ∈ X1, x2 ∈ X2,
aV,X1,X2 ◦ (c
−1
V,X1
⊗X2) ◦ a
−1
αX1,V,X2
◦ (αX1 ⊗ c
−1
V,X2
) ◦ aαX1,αX2,V (
αx1 ⊗
α x2 ⊗ v)
= T 1α · [y
2
α · (Y
3
α · v)(0,0)](0,0) ⊗ T
2
λ1
· [y2α · (Y
3
α · v)(0,0)](1,λ1)Y
−1
λ1
Y 1λ1 · x1
⊗ T 3λ2y
3
λ2
(Y 3α · v)(1,λ2)Y
2
λ2
· x2
(2.14)
= (y3αY
3
α · v)(0,0) ⊗ (y
3
αY
3
α · v)(1,λ1λ2)(1,λ1)y
1
λ1
Y 1λ1 · x1 ⊗ (y
3
αY
3
α · v)(1,λ1λ2)(2,λ2)y
2
λ2
Y 2λ2 · x2
= v(0,0) ⊗ v(1,λ1λ2)(1,λ1) · x1 ⊗ v(1,λ1λ2)(2,λ2)y
2
λ2
· x2
= c−1V,X1⊗X2(
αx1 ⊗
αx2 ⊗ v).
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Let V,W be YDα-modules, f : V → W be any morphism of YDα-module. For any
Hλ-module X and x ∈ X,
cW,X ◦ (f ⊗ id)(v ⊗ x) = cW,X(f(v)⊗ x)
= α[J1(1,λ)y
1
λSλ−1(J
2
λ−1y
3
λ−1(I˜
2
α · f(v))(1,λ−1)I˜
1
λ−1) · x]⊗ J
1
(2,α)y
2
α · (I˜
2
α · f(v))(0,0)
= α[J1(1,λ)y
1
λSλ−1(J
2
λ−1y
3
λ−1(f(I˜
2
α · v))(1,λ−1)I˜
1
λ−1) · x]⊗ J
1
(2,α)y
2
α · (f(I˜
2
α · v))(0,0)
= α[J1(1,λ)y
1
λSλ−1(J
2
λ−1y
3
λ−1(I˜
2
α · v)(1,λ−1)I˜
1
λ−1) · x]⊗ J
1
(2,α)y
2
α · f((I˜
2
α · v)(0,0))
= α(id⊗ f)cV,X(v ⊗ x).
That is, f is a morphism in Z(Rep(H)). Finally by similar arguments in [11], we know
that F1 and F2 are inverses. This completes the proof.
Theorem 2.6. The category YD(H) is isomorphic to the category Z(Rep(H)). This
isomorphism induces the structure of braided T -category on YD(H).
Proof. This isomorphism holds via the functors F1 and F2.
Let (V, ρV ) be a YDα-module and (W,ρW ) be a YDβ-module. Suppose that (V, cV,−) =
F2(V, ρV ) and (W, c
′
W,−) = F2(W,ρW ) and set
(V, ρV )⊗ (W,ρW ) = F1(F2(V, ρV )⊗ F2(W,ρW )) = F1(V ⊗W, (c⊗ c
′)V⊗W,−).
For any v ∈ V,w ∈W , we have
ρV⊗W,λ(v ⊗ w) = ((c ⊗ c
′)V⊗W,Hλ)
−1(αβ1λ ⊗ v ⊗ w)
= a−1V,W,Hλ ◦ (V ⊗ c
′−1
W,Hλ
) ◦ aV,βHλ,W ◦ (c
−1
V,βHλ
⊗W ) ◦ a−1αβHλ,V,W
(αβ1λ ⊗ v ⊗ w)
= y1αY
1
α · (t
2
α · v)(0,0) ⊗ y
2
β · (Y
3
β t
3
β · w)(0,0)
⊗ y3λ(Y
3
β t
3
β · w)(1,λ)Y
2
λ ϕβ−1((t
2
α · v)(1,βλβ−1))t
1
λ,
where
(c−1
V,βHλ
⊗W )(αβt1λ ⊗ t
2
α · v ⊗ t
3
β · w)
= (t2α · v)(0,0) ⊗
β [ϕβ−1(t
2
α · v)(1,βλβ−1)t
1
λ]⊗ t
3
β · w.
The part concerning the tensor unit of YD(H) is trivial. By similar arguments in [11],
we can verify the condition (2.16)-(2.18). This completes the proof.
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